The generalized pseudospectral method is employed to calculate the bound states of Hulthén and Yukawa potentials in quantum mechanics, with special emphases on higher excited states and stronger couplings. Accurate energy eigenvalues, expectation values and radial probability densities are obtained through a nonuniform and optimal spatial discretization of the radial Schrödinger equation. Results accurate up to thirteen to fourteen significant figures are reported for all the 55 eigenstates of both these potentials with n ≤10 for arbitrary values of the screening parameters covering a wide range of interaction. Furthermore, excited states as high as up to n = 17 have been computed with good accuracy for both these potentials. Excellent agreement with the available literature data has been observed in all cases. The n > 6 states of Yukawa potential has been considerably improved over all other existing results currently available, while the same for Hulthén potential are reported here for the first time. Excepting the 1s and 2s states of Yukawa potential, the present method surpasses in accuracy all other existing results in the stronger coupling region for all other states of both these systems. This offers a simple and efficient scheme for the accurate calculation of these and other screened Coulomb potentials. * Electronic address: akroy@unb.ca
I. INTRODUCTION
The screened Coulomb potentials,
of which Hulthén and Yukawa potentials are two simple representatives, have been of considerable interest in the context of many physical systems and a considerable amount of work has been devoted to study their numerous features over the years. Z is identified as the atomic number when these are used in the context of atomic systems, while the screening parameter λ has different significance in different branches. The Hulthén potential [1] is one of the most important short-range potentials and has been used in the nuclear and particle physics [2] [3] [4] [5] , atomic physics [6] [7] , solid-state physics [8] [9] , chemical physics [10] , etc. This is also a special case of the Eckart potential. The Yukawa potential [11] , on the other hand, has found applications in approximating the effects of screening of nuclear charges by plasmas (commonly termed as the Debye-Hückel potential), shielding effect in the atoms and also in the solid-state physics (as the Thomas-Fermi potential), etc.
These two potentials have several similarities; e.g., they are both Coulomb-like for small r and decay monotonically exponentially to zero for large r. Another distinctive feature of these potentials (in contrast to the Coulomb potentials) is the presence of limited number of bound states characterized by the presence of the screening parameters; i.e., bound states exist only for certain values of the screening parameter below a threshold limit (e. g., for the Yukawa potential, this value has been accurately estimated as 1.19061227 ±0.00000004 [12] in atomic units). The former has the additional special property that it offers exact analytical solutions for ℓ = 0 states only, not for the higher partial waves [13] . Many formally attractive and efficient formalisms have been proposed for accurate determination of the eigenvalues, eigenfunctions as well as for the values of the critical screening parameters differing in complexity, accuracy and efficiency. The most notable of these are the variational calculations employing a multitude of basis functions [14] [15] [16] [17] [18] 12] , combined Padé approximation and perturbation theory [19] [20] [21] , shifted 1/N approximation along with many of its variants [22] [23] [24] [25] [26] [27] , dynamical-group approach [28] , supersymmetric quantum mechanics [29] , numerical calculations [30] [31] 18] and other works [32] [33] .
In the past few years, the generalized pseudospectral (GPS) method has been proved to be a very powerful and efficient tool to deal with the static and dynamic processes of many-electron atomic/molecular systems characterized by the Coulomb singularities (see, for example, [34] [35] [36] [37] and the references therein). Recently it has also been successfully applied to the power-law and logarithmic potentials [38] , as well as the spiked harmonic oscillator with stronger singularity [39] . One of the objectives of this article is to extend and explore the regions of validity of this formalism to a different class of singularities, namely the screened Coulomb potentials thus covering a broader range of physical systems. In an attempt to assess the performance and its applicability to such systems, we have computed all the 55 eigenstates (1≤ n ≤10) of the Hulthén and Yukawa potentials and compared them with the available literature data wherever possible with an aim to study the spectra of these systems systematically. It may be noted that although many accurate results are available for these potentials in the weaker coupling region and for the lower states, there is a lack of good quality results in the stronger region and for the higher states. In this work, we pay special attention to both of these issues. Screening parameters of arbitrary field strengths (covering both weak and strong limits of interaction) have been considered
for given values of n and ℓ quantum numbers. To this end, accurate calculations have been performed on the eigenvalues, expectation values and radial probability densities of these two systems. As a further stringent test of the method, we calculate some very high excited states (up to n = 17) of these two systems which have been examined never before. As will be evident in a later section, this method is indeed capable of producing excellent quality results comparable in accuracy to the other existing literature data for both these systems and in many cases (especially in the stronger regions of coupling), indeed offers the best results. The article is organized as follows: Section II presents an outline of the theory and the method of calculation. Section III gives a discussion on the results while section IV makes some concluding remarks.
II. THE GPS METHOD FOR THE SOLUTION OF THE HULTHÉN AND

YUKAWA POTENTIALS
In this section, we present an overview of the GPS formalism within the nonrelativistic framework for solving the radial Schrödinger equation (SE) of a single-particle Hamiltonian containing a Hulthén or Yukawa term in the potential. Only the essential steps are given and the relevant details may be found elsewhere ( [34] [35] [36] [37] [38] [39] and the references therein). Unless otherwise mentioned, atomic units are employed throughout this article.
The radial SE can be written in the following form,
where
or
where δ and λ denote the respective screening parameters whereas n and ℓ signify the usual radial and angular momentum quantum numbers respectively. Use of a scaling transformation, r → r/Z gives the following well-known relation,
Thus it suffices to study only the Z = 1 case and this fact has been used in this work.
The usual finite difference or finite element discretization schemes often require a large number of grid points to achieve good accuracy and convergence, often because of their uniform nature. The GPS formalism, in contrast, can give nonuniform and optimal spatial discretization with a significantly smaller number of grid points allowing a denser mesh at smaller r and a coarser mesh at larger r while maintaining similar accuracies in both regions.
In addition, this is also computationally orders of magnitude faster.
The first step is to approximate a function f (x) defined in the interval x ∈ [−1, 1] by the N-th order polynomial f N (x) such that,
and this ensures that the approximation is exact at the collocation points x j , i.e.,
Here, we have used the Legendre pseudospectral method having x 0 = −1, x N = 1, where
. . , N − 1) are obtained from the roots of the first derivative of the Legendre polynomial P N (x) with respect to x, i.e.,
These have the unique property, g j (x j ′ ) = δ j ′ j . Now the semi-infinite domain r ∈ [0, ∞] can be mapped onto the finite domain x ∈ [−1, 1] by the transformation r = r(x). The following algebraic nonlinear mapping,
may be used, where L and α = 2L/r max are termed as the mapping parameters. Now, introduction of the following relation,
followed by a symmetrization procedure leads to the transformed Hamiltonian as below,
where v m (x) is given by,
The advantage is clear; this leads to a symmetric matrix eigenvalue problem which can be readily solved to give accurate eigenvalues and eigenfunctions by using some standard available routines. Note that v m (x) = 0 for the particular transformation used here and finally one obtains the following set of coupled equations,
and the symmetrized second derivatives of the cardinal function, D
j ′ j are given by,
method so as to produce "stable" results with respect to the variation of the mapping parameters. In this way, a consistent set of parameter sets were chosen. For the problems at hand α = 25 and N = 200 seemed appropriate for all the states considered in this work
while R values were varied as required (see later). The results are reported only up to the precision that maintained stability. It may be noted that all our results are truncated rather than rounded-off.
III. RESULTS AND DISCUSSION
Let us first examine the convergence of the calculated energy eigenvalues. As an illustra- either of these situations (although these may be sufficient for weaker screenings) and with R = 500 a. u., a reasonable convergence can be achieved. However, a better convergence in both these cases requires at least R = 800 a. u. And after that, the calculated results are stable with respect to R. As expected, for even higher states one would require a larger R; e. g., the 17s state with same δ = 0.005 requires R = 5000 a. u. However, the results are apparently less sensitive with respect to N, the total number of grid points; only 200
points is sufficient for all the calculations reported in this work. This is in sharp contrast with the finite difference (FD) or finite element (FE) methods where one usually requires a substantially larger number of radial grid points to achieve good convergence for such singular systems. This is more so, if one uses a uniform discretization scheme. The present method does not suffer from such an uncomfortable feature, for it offers equally accurate eigenfunctions both at small and the large distances with significantly smaller grid points.
For a given screening parameter, within a particular n, the required R increases with increasing ℓ. For a given state, larger screening parameter requires larger R. For example, the 9g states of Hulthén potential reach convergence with R = 500 a. u., for δ = 0.001, 0.005, 0.01; but δ = 0.02 needed R = 1500 a.u. Similar considerations hold equally good for the Yukawa 
with n 2 < 2/δ. Table I Because of their exactly solvable nature, some of these states (especially the lower ones like 1s and 2s) have received extra attention from various workers employing a variety of methods and we have quoted a few of them. Some of these include the Lie algebraic method [40] , Padé approximation [19] , path integral formulation [41] , shifted 1/N expansion [23] , dynamical group theoretical consideration [28] , generalized variational calculation [16] as well as the accurate numerical calculation [31] , etc. First, we note that the calculated values completely coincide with the exact analytical results for all these states encompassing the whole range of interaction nicely. This amply demonstrates the accuracy, reliability and potential of the methodology. For n = 1 − 5, shifted 1/N expansion results [23] are available in the weak coupling region and the present results are considerably superior to these values in all cases. For n = 1 − 2, accurate numerical eigenvalues [31] are available for δ ≤ 0.3.
Their n = 1 results are significantly better than the n = 2. For 1s states, results of [31] are comparable to ours, but for the 2s states, current values are superior to [31] . Quite accurate results have been reported [16] for 2s − 6s states that improved the previous results in the literature significantly by employing trial wave functions which were linear combinations of independent functions. Results of [16] are better than ours in the weak-coupling region, but in the stronger limit, our results are noticeably better than [16] . It may be mentioned that we have enlarged the coupling region from all other previous works and it is clear that the current results are so far the most accurate values in regions closest to the critical limit.
For states with n > 6, no other theoretical results are available in the literature so far and we hope that these results may be helpful in future studies. It may be mentioned that the energies of n = 15 − 17 states are slightly less accurate than the other lower s state energies.
Next in table II we present energies of the representative non-zero angular momentum states of the Hulthén potential with n = 2 − 6. As already mentioned, these states do not offer exact analytical results and a large number of attempts have been made over the years, e.g., the variational as well as numerical integration [18] , strong-coupling expansion [42] , supersymmetric quantum mechanics [29] , parameter-free wave function approach based on the local properties such as the cusp conditions [31] , etc., in addition to some of the methods which also dealt with the ℓ = 0 case such as [16, 19, 24, 28, 31] . Other works include [7, 43, 44] and the best results are quoted here for comparison. The δ c s in these cases cannot be obtained by a simple form and an approximate analytical expression was put forth by [42] ,
which offered results rather in good agreement with the numerically determined values [18] .
These values from [18] are given in parentheses. Majority of the previous works have dealt with the weak coupling regions. We have chosen δ values for all the states quite wide; from weak to strong. A uniform accuracy is maintained for all these states in the whole region of interaction, unlike some other previous calculations which encountered difficulties in the stronger limits (e.g., the break-down of the shifted 1/N expansion method for ground state with δ > 1.2 [23] ). In the weaker limit, our computed eigenvalues are superior to all other results except the accurate variational calculations [16] . However in this work, we have gone beyond the interaction region considered in [16] or in any other previous calculation so far for some of these states (2p, 3p, 4d, 4f ) and no results could be found for these states for direct comparison. Now Fig. 1 depicts the variation of energy eigenvalues with screening parameter for all the states belonging to n = 7, 8 (left) and n = 9, 10 (right) respectively. For small values of the principal quantum number, there is a resemblance of the energy orderings as those with the Coulomb potentials, but with an increase in n, significant deviations from the Coulomb potential ordering and complex level crossings observed in the vicinity of zero energy. This is more pronounced in the latter case (9k, 9l mixing heavily with 10s, 10p, 10d and 10f at around δ = 0.015 − 0.017) and for higher n, there is a gradual increase in the probability of energy ordering becoming more complex, which make their accurate calculations quite difficult. We also notice that for a particular value of n, the separation Now we turn our focus on to the Yukawa potentials. Table IV presents the calculated eigenvalues of some representative states with n ≤ 6 at selected values of the screening parameter (weak and strong screenings in the left and right respectively). Lower states have been examined by many methods; e.g., Rayleigh-Schrödinger perturbation expansion [21] , variational methods [6, 15, 16] , Padé approximations [20] , shifted 1/N expansions [22, 25] , numerical calculations through direct integration of the SE [30] or by the Ritz method [31] , etc. Other works include [12, 33] . However, excepting a few of these (like [21] or [16] ), majority of them produce good-quality results in the weaker regions of interaction, and are often fraught with difficulties in the stronger regions (e.g., the shifted 1/N expansion [22] runs into trouble for λ near the critical values). The best available literature data are given for comparison. The numerically determined critical screening parameters (λ c )s for these states are quoted from [30] . First of all, very good agreement is observed for all these states with the best available literature data. Once again a wide range of interaction region has been considered and the converged results are uniformly accurate for all of these states for arbitrary values of λ. We note that, accurate numerical results [31] have been reported for the 1s, 2s and 2p states in the weaker coupling region. Our 1s results are as accurate as those of [31] , while those for 2s and 2p states are superior to [31] . As in the case of Hulthén potential, results of [16] are more accurate than ours for smaller λ, but we have obtained better results in the stronger regions (e. g., the 1s, 2p, 3s, 6s, 6p states with λ = 1.15, 0.22, 0.12, 0.03, 0.03 respectively). Very accurate energies were reported in [21] for 1s, 2s, 2p states having both small and large λs. Results of [21] are better than ours for the first two s states, but for the 2p state present results deviate considerably from [21] in the stronger region (e. g., λ = 0.21, 0.22) and we believe these are the better results. Some of these states have not been calculated by any method other than those of [30, 33] , and the GPS results improve those values dramatically. Thus to our knowledge, these appear to be the most accurate results for these states (except 1s, 2s) in the regions closest to the critical domain. In Fig. 2 given value of n increases with an increase in the screening parameter. Table V gives all the eigenstates for n = 9 and 10 at selected values of λ respectively. As n and ℓ increase, calculation of these states become progressively difficult, and only two attempts have been made so far to study the 7s − 9ℓ states, viz., the direct numerical integration of SE [30] as well as the shifted 1/N expansion [22] . The former results are more accurate than the latter and these are quoted. While their works [30] estimated these states fairly accurately and still by far the most reliable values reported in the literature, clearly the present results are much more improved in accuracy. The λ c values in these cases are taken from [30] . No attempts are known for any of the states with n > 9 and here we have given them for the included the results for some of the representative ℓ = 0 states with n up to 17 and no comparisons could be made because of the lack of literature data.
As a further test of the convergence of eigenfunctions, the calculated density moments Yukawa potentials follow the relation,
and this has been verified to be satisfied for all the states considered in this work. Finally, we mention here that the GPS method employed here possesses the simplicity of FD or FE methods and at the same time retain the attractive features of the basis-set variational methods, such as high accuracy and fast convergence. It is also known that it guarantees an "exponential" (also called infinite-order) convergence for a given problem with smooth (infinitely differentiable) solutions (which is usually the case) as long as the orthogonal functions employed belong to a common singular Sturm-Liouville class. Furthermore, a pseudospectral method with N+1 or N+2 grid points is usually equivalent in accuracy to the corresponding basis-set expansion method with N basis functions (for a detailed account of these and other features of GPS method, see [34-39, 44,45] and the references therein).
IV. CONCLUSION
A detailed study has been made on the accurate eigenvalues, density moments and radial densities of Hulthén and Yukawa potentials by employing the GPS formalism. The methodology is simple, efficient, accurate and reliable. Special attention has been paid to the higher excited states as well the stronger screening effects. All the 55 states belonging to n ≤ 10 have been computed with good accuracy and the results are compared wherever possible.
In the weak coupling regions, our results are comparable to all other accurate literature results available (except [21] and [16] ), while in the strong coupling region, present results are noticeably superior to all other existing results for all states of both these systems excepting the 1s and 2s states of Yukawa potential. The n > 6 states of Yukawa potentials are significantly improved from the best available data available so far, while the same for Hulthén potential are reported here for the first time. In view of the simplicity and accuracy offered by this method for both these physical systems studied in this work, it is hoped that this may be equally successful and useful for other singular potentials in various branches of quantum mechanics.
